Certain aspects of the integrability/solvability of the Calogero-Sutherland-Moser systems and the Ruijsenaars-Schneider-van Diejen systems with rational and trigonometric potentials are reviewed. The equilibrium positions of classical multi-particle systems and the eigenfunctions of single-particle quantum mechanics are described by the same orthogonal polynomials: the Hermite, Laguerre, Jacobi, continuous Hahn, Wilson and Askey-Wilson polynomials. The Hamiltonians of these single-particle quantum mechanical systems have two remarkable properties, factorization and shape invariance.
Introduction
Exactly solvable or quasi-exactly solvable multi-particle quantum mechanical systems have many remarkable properties. Especially, those of the Calogero-Sutherland-Moser(CSM) systems [1, 2, 3] and their integrable deformation called the Ruijsenaars-Schneider-van Diejen (RSvD) systems [4, 5] have been well studied. For example, the spectral curves of the classical elliptic CSM systems appear in the Seiberg-Witten theory of the supersymmetric gauge theory [6] , and the relation between the eigenstates of the quantum Sutherland system and those of the Ruijsenaars-Schneider system has led to the discovery of the deformed Virasoro and W N algebras [7] .
The equilibrium positions of the Calogero-Sutherland systems are described by the zeros of the classical orthogonal polynomials; the Hermite, Laguerre and Jacobi (Chebyshev, Legendre, Gegenbauer) polynomials [8, 9, 10, 11] . Motivated by the simple reasoning illustrated in the following diagram (a similar idea has led to the deformed Virasoro and W N algebras), we studied the equilibrium positions of the RSvD systems with rational and trigonometric potentials by using numerical analysis, functional equation and three-term recurrence. This program worked well and we obtained the deformed polynomials [12, 13] (see also [14, 15, 16] ), which fitted in the Askey-scheme of the hypergeometric orthogonal polynomials [17, 18, 19] The Hermite, Laguerre and Jacobi polynomials, which describe the equilibrium positions of the classical multi-particle CS systems, also describe the eigenfunctions of the corresponding single-particle quantum CS systems. This interesting property is inherited by the
Calogero-Sutherland Systems
The Hamiltonian of the Calogero-Sutherland (CS) systems is
where the potential V CS (q) can be written in terms of the prepotential W (q),
The explicit forms of the potential V CS (q) and the prepotential W (q) are as follows:
(i) rational A n−1 :
(ii) rational 2 BC n :
(iii) trigonometric A n−1 :
2 Since the independent coupling constants are g M and g S + g L , this BC n model is equivalent to B n or C n model.
(iv) trigonometric BC n :
The constant terms in V CS (q) are the consequences of the expression (2) in terms of the prepotential. A constant shift of W (q) does not affect (2) . In those formulas g, g S , g M and g L are dimensionless couplings constants and we assume they are positive. The other notation is conventional; m is the mass of particles, ω is the angular frequency, is the Planck constant (divided by 2π) and L is the circumference. All these parameters are positive.
Ruijsenaars-Schneider-van Diejen Systems
The Ruijsenaars-Schneider-van Diejen (RSvD) systems are deformation of the CalogeroSutherland-Moser systems. The Hamiltonian of RSvD systems is
where V j (q) are
Since operators e 
, we call these systems 'discrete' dynamical systems. 3 The basic potential functions v(x) and w(x) are given by as follows:
(ii) rational BC n :
Here g, g 0 , g 1 , g 2 , g ′ because of v(x) * = v(−x) and w(x) * = w(−x). Then the Hamiltonian (11) has the expansion,
where the prime stands for the derivative. (For A n−1 type systems, the terms containing
where the correspondence of parameters are
Equilibrium Positions
The classical Hamiltonian H class (p, q) is obtained from the quantum one H(p, q) by the following procedure; (a) regard p j is a c-number, (b) after expressing dimensionless coupling
assumeḡ,ḡ 1 ,ḡ 2 , · · · are independent of , (c) take → 0 limit. In the same way, V class (q),
class (x) and w class (x) are also obtained.
The canonical equations of motion of the classical systems are
The equilibrium positions are the stationary solution
in whichq satisfies
For CS system, (31) becomes ∂V class CS (q) ∂q j q=q = 0 and it is equivalent to the condition [27] 
For RSvD system, (31) is equivalent to the condition [14]
This equation without inequality is rewritten in a Bethe ansatz like equation
(For A n−1 type systems, v class (q j +q k ) and v class (q j +q k ) * should be omitted.)
Rational A Types
In this section we consider CS and RSvD systems with rational A type potentials. Relevant polynomials are the Hermite polynomial and the continuous Hahn polynomial.
Calogero Systems
The Hamiltonian is (1) with the potential (3)-(4).
Equilibrium positions of n-particle classical systems
For the n-particle prepotential (4), the equation for the equilibrium positions (32) was studied by Stieltjes in a slightly different context more than a century ago [9] . Let us consider a polynomial whose zeros give the equilibrium positions, f (y) = n j=1 (y − mω gq j ). Then (32) can be converted to a differential equation for f (y), which is the determining equation for the Hermite polynomial. Therefore we obtain the result [8] ,
where H n (y) = 2 n H monic n (y) is the Hermite polynomial [18] .
Eigenfunctions of single-particle quantum mechanics
Let us consider single-particle case (n = 1) and write x = q 1 . The Hamiltonian (1) describes the harmonic oscillator with the constant energy shift
The eigenfunctions of this Hamiltonian are well-known, but we describe it in detail in order to illustrate the idea of Crum [21] , construction of isospectral Hamiltonians (see Figure 1 ).
By introducing a dimensionless variable y,
H can be written as
Instead of Hφ n = E n φ n , let us consider a rescaled one Hφ n (y) = E n φ n (y) (n = 0, 1, 2, . . .), where energies are related as E n = ωE n .
Let us develop the factorization method in its fullest generality. Let us assume that a single-particle Hamiltonian H depends on a set of parameters to be represented collectively as λ. The present Hamiltonian H (38) contains no parameter, though. The Hamiltonian H, defined in terms of the prepotential, is factorizable:
where W(y ; λ) is a prepotential. The ground state of H is annihilated by A (see Remark in §4.1.2) and it is expressed by W,
In the present case we have
which is obviously square-integrable.
This Hamiltonian has a good property, shape invariance. Its key identity is
where δ stands for a set of constants. In the present case we have
and there is no δ because of no λ. Starting from A 0 = A, H 0 = H and φ 0,n = φ n , let us define A s , H s and φ s,n (n ≥ s ≥ 0) recursively:
As a consequence of the shape invariance (44), we obtain for n ≥ s ≥ 0,
From (48) and (54) we obtain formulas relating the wavefunctions along the horizontal line (the isospectral line) of Fig.1 ,
and from (50) we have
It should be emphasized that all the operators A and A † in the above formulas are explicitly known thanks to the shape-invariance. The latter formula (56) with (57) can be understood as the Rodrigues-type formula. The relation (51) means that {E n (λ)} n≥0 is calculable from
. . . E 1 (λ), namely the spectrum is determined by the shape invariance. In the present case we obtain E n = n.
As seen above, the operators A and A † act isospectrally, that is horizontally. On the other hand, the annihilation and creation operators map from one eigenstate to another, i.e.
vertically, of a given Hamiltonian. In order to define the annihilation and creation operators, let us introduce normalized basis {φ s,n } n≥s for each Hamiltonian H s and unitary operators U s = U s (λ) mapping the s-th orthonormal basis {φ s,n } n≥s to the (s + 1)-th {φ s+1,n } n≥s+1 (see Fig.1 and for example [23, 28] ):
We denote U 0 = U. Roughly speaking U increases the parameters from λ to λ + δ. Then an annihilationã and a creation operatorã † for the Hamiltonian H are introduced as follows:
It is straightforward to derive
In the present case U is an identity map and we recover the well-known result. This scheme is illustrated in Figure 1 .
The above Rodrigues-type formula (56)- (57) gives φ n (y) ∝ H n (y)φ 0 (y). This can be also understood in the following manner. By similarity transformation in terms of the ground state wavefunction, let us defineH,
and consider higher eigenfunctions in a product form φ n (y ; λ) = P n (y ; λ)φ 0 (y ; λ), where
In the present case we haveH
Since the Hermite polynomial satisfies
we obtain
The energy of H is
Ruijsenaars-Schneider-van Diejen Systems
The Hamiltonian is (11) with the potential (13)- (14).
Equilibrium positions of n-particle classical systems
Let us consider a polynomial whose zeros give the equilibrium positions, f (y) = n j=1 (y − mω 1 gq j ). Then (34) can be converted to a functional equation for f (y). We can show that the solutions of this functional equation satisfy the three-term recurrence which agrees with that of the continuous Hahn polynomials of specific parameters. The result is [12] 
where
Hahn polynomial [18] .
Eigenfunctions of single-particle quantum mechanics
Let us consider single-particle case (n = 1). The potential V 1 (q) is simply V 1 (q) = w(q 1 ).
Let us write x = q 1 . The Hamiltonian (11) becomes
By introducing a dimensionless variable 4 y and a rescaled potential V (y),
w(x) and H are expressed as
Here H is defined by
where V (y) is V (y; λ) (73) with λ = (a 1 , a 2 ) = (
). In the following we will consider arbitrary positive parameters a 1 and a 2 . Instead of Hφ n = E n φ n , let us consider a rescaled equation Hφ n (y) = E n φ n (y) (n = 0, 1, 2, . . .), where energies are related as E n = 2 ω 1 ω 2 mc 2 E n . 4 Since q j and p j are same in both hand sides of (24), y here and y in (37) are different:
y in (72) = ω mc 2 . In order to take c → ∞ limit we should rescale y here c-dependently.
The Hamiltonian H is factorizable:
The ground state of H is annihilated by A,
It is easy to verify that the Hamiltonian H is shape invariant (44) with
Like in §3.1.2, let us define A s , H s and φ s,n (n ≥ s ≥ 0) by (46)-(48). Then for n ≥ s ≥ 0 we obtain (49)- (54) and (55)-(57). From (51) and (81) we get
By similarity transformation in terms of the ground state wavefunction, we defineH,
and consider φ n (y ; λ) = P n (y ; λ)φ 0 (y ; λ), where P n (y ; λ) satisfies (65). This means that P n (y ; λ) is a special case of the continuous Hahn polynomial
In the c → ∞ limit we have lim c→∞ E n = (ω 1 + ω 2 )n and this is consistent with (24) , (25) and (69).
Rational BC Types
In this section we consider CS and RSvD systems with rational BC type potentials. Relevant polynomials are the Laguerre polynomial and the Wilson polynomial.
Calogero Systems
The Hamiltonian is (1) with the potential (5)-(6).
Equilibrium positions of n-particle classical systems
Let us consider a polynomial whose zeros give the equilibrium positions, f (y) =
is the Laguerre polynomial [18] .
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1) and write x = q 1 and g = g S + g L . The
Hamiltonian (1) describes the harmonic oscillator with a centrifugal barrier and a constant energy shift
By introducing a dimensionless variable y (37), H can be written as
This H has a parameter g and we will write λ = g. Instead of Hφ n = E n φ n , let us consider a rescaled equation Hφ n (y) = E n φ n (y) (n = 0, 1, 2, . . .), where energies are related as E n = ωE n .
Like in §3. 
The ground state wavefunction of H is (42),
The Hamiltonian H is shape invariant (44) with
Let us define A s , H s and φ s,n (n ≥ s ≥ 0) by (46)-(48). Then for n ≥ s ≥ 0 we arrive at the consequence of the shape-invariance (49)-(54) and (55)-(57). From (51) and (92) we find the energy spectrum
The Rodrigues-type formula (56)-(57) gives φ n (y ; g) ∝ L
) n (y 2 )φ 0 (y ; g). This can be also understood as (63)-(65),
Since the Laguerre polynomial satisfies
Remark: For the given potential V CS (x), the prepotential W (x) is obtained by solving the
The above prepotential (90) is one solution. Since the Hamiltonian(except for the constant term) contains g as the combination g(g − 1), we have another solutionW,
and the corresponding HamiltonianȞ iš
The ground state wavefunction ofȞ (the state annihilated byǍ(y ; g)) iš
which is square integrable for g < 3 2 . Note that φ 0 (y ; g) (91) is square integrable for g > − These two 'ground' states define two sectors of this system. Usually we consider only one of them. Note that A(y ; g)φ 0 (y ; g) is square integrable for g ≤ . From the Rodrigues-type formula and the recurrence relation of the energy, we obtaiň
The corresponding energy of H isĚ
Therefore, for g < 3 2
(g =
), we have another sector of the system, (101) with (102). The order of E n (g) (97) andĚ n (g) (102) is
.
Thus the lowest energy state of H is φ 0 (y ; g) for g ≥ 3 2 or − 1 2
(which cover all
), andφ 0 (y ; g) for
. In the g → 0(or 1) limit, both sectors contribute and these eigenfunctions reduce to those in §3.1.2 due to the identities,
Ruijsenaars-Schneider-van Diejen Systems
The Hamiltonian is (11) with the potential (15)-(16).
Equilibrium positions of n-particle classical systems
Let us consider a polynomial whose zeros give the equilibrium positions, f (y) = n j=1 (y 2 − mω 1 g 0q 2 j ). Then (34) can be converted to a functional equation for f (y). We can show that the solutions of this functional equation satisfy the three-term recurrence which agrees with that of the Wilson polynomials. The result is [12] 
where W n (y 2 ; a 1 , a 2 , a 3 , a 4 ) = (−1) n (n + a 1 + a 2 + a 3 + a 4 − 1) n W 
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1). The potential V 1 (q) is V 1 (q) = w(q 1 ). Let us write x = q 1 . The Hamiltonian (11) becomes (71) with w(x) in (16) . By introducing a dimensionless variable y (72) and a rescaled potential V (y),
Here rescaled Hamiltonian H is defined by (76), where V (y) is V (y; λ) (108) with λ = (a 1 , a 2 , a 3 , a 4 ) = (
In the following we will consider arbitrary positive parameters a 1 , a 2 , a 3 , a 4 . Instead of Hφ n = E n φ n , let us consider the rescaled equation Hφ n (y) = E n φ n (y) (n = 0, 1, 2, . . .), where energies are related as E n = 
The third and fourth components of δ are consistent with δ in (92) because of (24) and (26) .
Let us define A s , H s and φ s,n (n ≥ s ≥ 0) by (46)-(48). Then for n ≥ s ≥ 0 we obtain the consequences of the shape-invariance (49)- (54) and (55)- (57). From (51) and (112) we obtain the energy spectrum
By similarity transformation in terms of the ground state wavefunction, (83)- (84) and (65) imply that P n (y ; λ) is the Wilson polynomial
In the c → ∞ limit we have lim c→∞ E n = (ω 1 + ω 2 )2n and this is consistent with (24), (26) and (97).
Trigonometric A Types
In this section we consider the CS and RSvD systems with the trigonometric A type potentials. The single-particle quantum mechanics is free theory and cosine (or sine) functions are the eigenfunctions.
Sutherland Systems
The Hamiltonian is (1) with the potential (7)- (8).
Equilibrium positions of n-particle classical systems
The equation for the equilibrium positions (32) is easily solved,
where α is an arbitrary real number which is a consequence of the translational invariance.
The rescaled equilibrium positions π Lq j are zeros of cos
), which is equal to
Here T n (cos ϕ) = cos nϕ is the Chebyshev polynomial of the first kind [18] .
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1) and write x = q 1 . We impose the periodic boundary condition on the wave function φ(x), φ(x + L) = φ(x). The Hamiltonian (11) is a free one
Moreover in terms of another dimensionless variable z,
H becomes
The eigenfunctions of H (with periodic boundary condition in x) are easily obtained: z n (n ∈ Z). Except for the ground state, eigenstates are doubly degenerated,
where c 1 , c 2 , α ′ are arbitrary numbers. The variable 2y should be identified with θ in §5.1.1 (see §6.1.2). The energy spectrum of H is
Ruijsenaars-Schneider Systems
The Hamiltonian is (11) with the potential (17)- (18).
Equilibrium positions of n-particle classical systems
The equation for the equilibrium positions (33) is easily solved and the equilibrium positions are the same as those given in §5.1.1, (116).
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1). The potential V 1 (q) is trivial V 1 (q) = w(q 1 ) = 1. Let us write x = q 1 . We impose the periodic boundary condition φ(x + L) = φ(x), too.
The Hamiltonian (11) becomes
By introducing a dimensionless variable y (119) and z (121), H can be written as
where we have introduced a dimensionless parameter 5 q,
The operator q Dz causes a q-shift, q Dz f (z) = f (qz). Again this is a free theory and the eigenfunctions of H (with periodic boundary condition in x) are easily obtained: z n (n ∈ Z).
Except for the ground state, eigenstates are doubly degenerate: (123) and
The energy spectrum of H is
In the c → ∞ limit we have lim
2 and this is consistent with (24), (27) and (125).
Trigonometric BC Types
In this section we consider the CS and RSvD systems with the trigonometric BC type potentials. The Jacobi polynomial and the Askey-Wilson polynomial play the role.
Sutherland Systems
The Hamiltonian is (1) with the potential (9)-(10).
Equilibrium positions of n-particle classical systems
Let us consider a polynomial whose zeros give the equilibrium positions, f (ξ) = n j=1 ξ − cos 2 π Lq j . Then (32) can be converted to a differential equation for f (y), which determines the Jacobi polynomial. The result is
is the Jacobi polynomial [18] .
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1) and write x = q 1 and
The Hamiltonian (1) has the Pöschl-Teller potential [29] with a constant energy shift
By introducing a dimensionless variable y (119), H can be written as
This H has parameters g and g ′ and we will denote λ = (g, g ′ ). In the following we will consider arbitrary positive parameters g and g ′ . Instead of Hφ n = E n φ n , let us consider
Hφ n (y) = E n φ n (y) (n = 0, 1, 2, . . .), where energies are related as E n = 2 π 2 mL 2 E n . Like in §3.1.2, H is factorizable (39)- (41), where the prepotential with parameters λ = (g, g ′ ) is
W(y ; λ) = g log sin y + g ′ log cos y.
Let us define A s , H s and φ s,n (n ≥ s ≥ 0) by (46)-(48). Then for n ≥ s ≥ 0 we obtain the consequence of the shape-invariance (49)-(54) and (55)-(57). From (51) and (136) we obtain E n (λ) = 2n(n + g + g ′ ).
The Rodrigues-type formula (56)-(57) gives φ n (y) ∝ P
) n (cos 2y)φ 0 (y). This can be also understood as (63)-(65),
Since the Jacobi polynomial satisfies
Remark: Similarly to Remark in §4.1.2, we have three other prepotentialsW [1] ,W [2] ,W [3] ,
together with the corresponding HamiltoniansȞ:
The 'ground' state ofȞ [a] (a = 1, 2, 3) isφ and/or g ′ < 3 2 . Note that φ 0 (y ; λ) (135) is square integrable for g, g
. These four 'ground' states define four sectors of this system. Usually we consider only one of them. Note that A(y ; g)φ and/or g ′ ≤ 1 2
. From the Rodrigues-type formula and the recurrence relation of the energy, we obtaiň
) n (cos 2y)φ [1] 0 (y ; λ),Ě [1] n (λ) = 2n(n + 1 − g + g ′ ),
(cos 2y)φ [2] 0 (y ; λ),Ě [2] n (λ) = 2n(n + 1
φ [3] n (y ; λ) ∝ P −g ′ ) n (cos 2y)φ [3] 0 (y ; λ),Ě [3] n (λ) = 2n(n + 2 − g − g ′ ).
The corresponding energy spectra of H arě
Therefore, for g < 3 2 and/or g ′ < 3 2 , we have these sectors. φ 0 (y ; λ) is the lowest energy
. In the g, g ′ → 0 (or 1) limit, all of these sectors contribute and these eigenfunctions reduce to those in §5.1.2 due to the identities,
) n (cos 2y) sin y ∝ sin(2n + 1)y,
) n (cos 2y) cos y ∝ cos(2n + 1)y,
) n (cos 2y) sin y cos y ∝ sin 2(n + 1)y.
(The two sets (147) and (148) are excluded by the periodic boundary condition in x.)
Ruijsenaars-Schneider-van Diejen Systems
The Hamiltonian is (11) with the potential (19)-(20).
Equilibrium positions of n-particle classical systems
Let us consider a polynomial whose zeros give the equilibrium positions, f (ξ) = n j=1 ξ − cos 2 π Lq j . Then (34) can be converted to a functional equation for f (y). We can show that the solutions of this functional equation satisfy the three-term recurrence which agrees with that of the Wilson polynomials. The result is [12, 15, 13] (see also [16] )
where p n (ξ ; a 1 , a 2 , a 3 , a 4 |q) = 2 n (a 1 a 2 a 3 a 4 q n−1 ; q) n p monic n (ξ ; a 1 , a 2 , a 3 , a 4 |q) is the Askey -Wilson polynomial [18] . Note that e 
Eigenfunctions of single-particle quantum mechanics
Let us consider the single-particle case (n = 1). The potential V 1 (q) is V 1 (q) = w(q 1 ). Let us write x = q 1 . The Hamiltonian (11) becomes (71) with w(x) in (20) . By using y (119), discussion goes parallel to that in §4.2.2, but the variable z (121) is more suitable. So we will reformulate by using z and q (128). By introducing a dimensionless variable z (121) and a rescaled potential V (z),
where V (z) is V (z; λ, q) (151) with λ = (a 1 , a 2 , a 3 , a 4 ) = (q g 1 , q
). In the following we will consider the parameters in the range −1 < a 1 , a 2 , a 3 , a 4 < 1 and 0 < q < 1.
Instead of Hφ n = E n φ n , let us consider the rescaled equation Hφ n (z) = E n φ n (z) (n = 0, 1, 2, . . .), where energies are related as E n = mc 2 q
Dz .
The Hamiltonian H is shape invariant but slightly different from the previous form (44) A(z ; λ, q)A(z ; λ, q) † = q 2δ ′ A(z ; q δ λ, q) † A(z ; q δ λ, q) + E 1 (λ, q) ,
(q −1 − 1)(1 − a 1 a 2 a 3 a 4 ) .
This δ is consistent with δ in (136) because of (24) and (28) .
Starting from A 0 = A, H 0 = H and φ 0,n = φ n , let us define A s , H s and φ s,n (n ≥ s ≥ 0) recursively:
φ s+1,n (z ; λ, q) def = A s (z ; λ, q)φ s,n (z ; λ, q) .
As a consequence of the shape invariance (159), we obtain for n ≥ s ≥ 0, A s (z ; λ, q) = q sδ ′ A(z ; q sδ λ, q) ,
H s (z ; λ, q) = A s (z ; λ, q) † A s (z ; λ, q) + E s (λ, q) = q 2sδ ′ H(z ; q sδ λ, q) + E s (λ, q) ,
E s+1 (λ, q) = E s (λ, q) + q 2sδ ′ E 1 (q sδ λ, q) ,
6 If we include a factor (a 1 a 2 a 3 a 4 ) − 1 2 into V (z) (namely w(x) * ), then δ ′ becomes 0.
H s (z ; λ, q)φ s,n (z ; λ, q) = E n (λ, q)φ s,n (z ; λ, q) , 
In the c → ∞ limit we have lim c→∞ E n = 2 π 2 mL 2 2n(n + g 1 + g 2 + g
and this is consistent with (24) , (28) and (141).
Summary and Comments
We have reviewed some interesting properties of the Calogero-Sutherland-Moser systems and the Ruijsenaars-Schneider-van Diejen systems with the rational and trigonometric potentials.
The equilibrium positions of classical multi-particle systems and the eigenfunctions of singleparticle quantum mechanics are described by the same orthogonal polynomials: the Hermite, Laguerre, Jacobi, continuous Hahn, Wilson and Askey-Wilson polynomials. This interesting property was obtained as a result of explicit computation and we do not know any deeper reason or meaning behind it. The CSM and RSvD systems admit elliptic potentials and finding eigenfunctions of such elliptic systems is a good challenge. If this property is inherited by the elliptic cases, study of classical equilibrium positions may shed light on the quantum problem of finding eigenfunctions, which is quite non-trivial.
When we discuss the Hamiltonians of these single-particle quantum mechanics, we have emphasized factorization, shape invariance and construction of the isospectral Hamiltonians. Although the examples given in this note are rational and trigonometric potentials, this method and idea could be applied to a wider class of potentials, e.g. elliptic potential. In ordinary quantum mechanics there is the Crum's theorem [21] , which states a construction of the associated isospectral Hamiltonians H s and their eigenfunctions φ s,n for general systems without invariance. The construction of H s and φ s,n given in this note for 'discrete' cases needs shape invariance. A 'discrete' analogue of the Crum's theorem, namely similar construction without shape invariance, would be very helpful, if it exists.
It should be mentioned that in the discussion of various 'eigenfunctions', the function theory aspects are more emphasized than the ordinary quantum mechanical considerations in §4.1.2, §5.1.2 and §6.1.2.
